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A modification to the semi-empirical Frost formula for the mobilities of singly charged positive ions in their
parent gases is proposed. The modified expression demonstrates excellent agreement with experimental results
for different ionized rare gases in a very extended range of reduced field strengths.
A very important characteristic of low-ionized plasmas
is the mobility of ions under the action of an electric
field. The concept of ion mobility is central to various
phenomena, including ambipolar diffusion,1,2 sheath and
boundary layer formation in gas discharges,3–5 macropar-
ticle charging and the ion drag force in complex (dusty)
plasmas,6–12 as well as many others.
Often a simplified assumption is made that the ionic
mobility is constant. This is not consistent with exper-
imental measurements, which have shown that, for the
most interesting case of atomic rare gas ions in their par-
ent gases, the mobility decreases with increasing electric
field strength.13–16 No general expression for the depen-
dence of the ion mobility on the electric field is known. At
the same time, several theoretical approximations have
been suggested in the literature.1,17–21
Among the approximations that have been put for-
ward, one of the most simple and convenient for practical
use is the semi-empirical formula proposed by Frost:1
M = A
[
1 +B
E
N
]
−1/2
E
N
. (1)
HereM denotes the ion drift velocity expressed in units of
the ion thermal velocity,M = u/vT , where vT =
√
T/m,
T is the ion temperature, and m is the ion mass (M
is often referred to as the thermal Mach number). The
ratio of electric field strength to the neutral gas number
density E/N is expressed in Townsend units (1 Td =
10−17 V cm2). The constants A and B are different for
different gases.
The physics behind Eq. (1) is as follows.2,20 Elemen-
tary theories of ion drift in an electric field lead to
u =
eEτ
m
, (2)
where e is the ion charge and τ is the characteristic av-
erage (momentum transfer) time between collisions with
neutral atoms. This time can be expressed as
τ =
〈
1
Nvσ(v)
〉
, (3)
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where σ(v) is the velocity-dependent momentum transfer
cross section and 〈...〉 denotes an appropriate averaging
over relative velocities v between ions and neutrals. In
the regime of weak electric fields and subthermal drifts,
the averaging is essentially over thermal velocities and
hence the collisional time τ ∼ 1/NvTσ(vT ) is indepen-
dent of drift velocity and electric field. As a results the
drift velocity is directly proportional to E/N , irrespec-
tive of detailed shape of ion-neutral interactions. In the
opposite limit of strong fields and highly superthermal
drifts, the thermal contribution is negligible upon aver-
aging and we get τ ∼ 1/Nuσ(u). Here the dependence
of the drift velocity on E/N is determined by the nature
of the ion-neutral interaction. For example, for a (per-
haps not very realistic in the context of ion-neutral inter-
actions) inverse-power-law interaction potential, ∝ r−n,
we get σ(u) ∝ u−4/n, provided n ≫ 1. This leads to
u ∝ (E/N)n/(2n−4). In the limit of a rigid sphere in-
teraction (n → ∞) we obtain u ∝ (E/N)1/2. This lat-
ter limit is generally relevant, because at high energies
the ion-neutral collision cross sections do approach con-
stant asymptotes.2 For ions drifting in their parent gases
the dominant collisions mechanism – resonant charge-
exchange – has only weak logarithmic dependence on the
relative velocity.2,22
Thus, the semi-empirical Frost formula (1) represents
just one particular simple way to interpolate between the
limiting regimes of weak and strong electric fields. Gen-
erally, it is in a rather good agreement with experimen-
tal results on the drift velocities of rare gas ions in their
parent gases. There is, however, some room for improve-
ments. For example, the original Frost formula overesti-
mates the Ar+ ion mobility in Ar in the regime of weak
electric field23,24 (see e.g. Fig. 3 below).
The purpose of this Note is to demonstrate that a
modest modification of the Frost formula allows us to
reach excellent agreement with numerical data for differ-
ent gases in the entire range E/N , where experimental
data is available. The approximation we propose is
M = A
[
1 +
(
B
E
N
)C]−1/2C
E
N
, (4)
where C is the parameter of order unity. This formula
is correct in the corresponding limits of weak and strong
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FIG. 1. Reduced mobility of He+ ions in He gas as a function
of the ratio of electric field strength to the neutral gas number
density, E/N . The symbols are experimental data.15 The
dotted curve corresponds to the original Frost formula1 (1),
while the solid curve corresponds to its modification (4).
electric fields. For C = 1 expressions (4) reduces to the
conventional formula (1).
Figures 1-4 demonstrate the comparison between the
available experimental data on He+, Ne+, Ar+, and Kr+
drifts in their respective parent gases, the original Frost
formula (1), and the modified Frost formula (4). The pro-
posed modification provides excellent agreement with the
experimental results. The obtained fitting parameters A,
B, and C are summarized in Table I [note that the pa-
rameters A and B are naturally somewhat different from
those originally suggested to use in Eq. (1)]. The last col-
umn lists the effective momentum transfer cross sections
for slow subthermal ion drifts. These cross sections have
been evaluated by combining the elementary formula for
the ion drift (2) with the simple estimate τ−1 = NvTσeff
and using the corresponding parameter A from the first
column. The modified Frost formula does not provide
us with a simple analytical relation between the effec-
tive momentum transfer frequency and the reduced ion
drift velocity.25 However, for practical numerical imple-
mentations its convenience is essentially the same as of
the original formula, but the accuracy is higher.
As a final remark, the results presented here corre-
spond to room temperature ions (T = 300 K). Tempera-
ture dependence of the ion mobility has been investigated
TABLE I. Fitting parameters in the modified Frost formula
(4).
System A (1/Td) B (1/Td) C σeff (10
−14 cm2)
He+ in He 0.0354 0.0118 1.355 1.09
Ne+ in Ne 0.0321 0.0120 1.181 1.20
Ar+ in Ar 0.0168 0.0070 1.238 2.30
Kr+ in Kr 0.0136 0.0054 1.422 2.84
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FIG. 2. Same as in Fig. 1, but for Ne+ ions in Ne.
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FIG. 3. Same as in Fig. 1, but for Ar+ ions in Ar.
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FIG. 4. Same as in Fig. 1, but for Kr+ ions in Kr. Here
only the modified formula is plotted, because Kr gas was not
considered in the original paper.1
3in Refs. 26 and 27.
To conclude, we have suggested a modification to the
original Frost formula for the mobilities of positive ions
in their parent gases. The new expression is almost as
simple as the original one, but agrees considerably better
with experimental results for different systems considered
in the entire range of reduced electric field strength.
We would like to thank Victoriya Yaroshenko for care-
ful reading of the manuscript.
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